Introduction {#Sec1}
============

The theory of fractional *h*-discrete calculus is a rapidly developing area of great interest both from a theoretical and applied point of view. Especially we refer to \[[@CR1]--[@CR8]\] and the references therein. Concerning applications in various fields of mathematics we refer to \[[@CR9]--[@CR16]\] and the references therein. Finally, we mention that *h*-discrete fractional calculus is also important in applied fields such as economics, engineering and physics (see, e.g. \[[@CR17]--[@CR22]\]).

Integral inequalities have always been of great importance for the development of many branches of mathematics and its applications. One typical such example is Hardy-type inequalities, which from the first discoveries of Hardy in the twentieth century now have been developed and applied in an almost unbelievable way, see, e.g., monographs \[[@CR23]\] and \[[@CR24]\] and the references therein. Let us just mention that in 1928 Hardy \[[@CR25]\] proved the following inequality: $$\documentclass[12pt]{minimal}
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The main aim of this paper is to establish the *h*-analogue of the classical Hardy-type inequality ([1.1](#Equ1){ref-type=""}) in fractional *h*-discrete calculus with sharp constants which is another discrete analogue of inequality ([1.1](#Equ1){ref-type=""}).

The paper is organized as follows: In order not to disturb our discussions later on some preliminaries are presented in Sect. [2](#Sec2){ref-type="sec"}. The main results (see Theorem [3.1](#FPar8){ref-type="sec"} and Theorem [3.2](#FPar9){ref-type="sec"}) with the detailed proofs can be found in Sect. [3](#Sec3){ref-type="sec"}.

Preliminaries {#Sec2}
=============

We state the some preliminary results of the *h*-discrete fractional calculus which will be used throughout this paper.
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Definition 2.1 {#FPar1}
--------------

(see \[[@CR34]\])
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The chain rule formula that we will use in this paper is $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} D_{h} \bigl[ x^{\gamma }(t) \bigr] :=\gamma \int _{0}^{1} \bigl[ zx\bigl( \delta_{h}(t) \bigr)+(1-z)x(t) \bigr] ^{\gamma -1}\,dzD_{h}x(t), \quad \gamma \in \mathbb{R}, \end{aligned}$$ \end{document}$$ which is a simple consequence of Keller's chain rule \[[@CR35], Theorem 1.90\]. The integration by parts formula is given by (see \[[@CR34]\]) the following.

Definition 2.2 {#FPar2}
--------------
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Definition 2.4 {#FPar4}
--------------

(see \[[@CR34]\])
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Definition 2.5 {#FPar5}
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Next, we will derive some properties of the *h*-fractional function, which we need for the proofs of the main results, but which are also of independent interest.

Proposition 2.6 {#FPar6}
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Proof {#FPar7}
-----

By using Definition [2.4](#FPar4){ref-type="sec"} we get $$\documentclass[12pt]{minimal}
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It is well known that the gamma function is log-convex (see, e.g., \[[@CR37]\], p. 21). Hence, $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl[ t_{h}^{(\alpha )} \bigr] ^{p} =&h^{p\alpha } \biggl[ \frac{\Gamma ( \frac{t}{h}+1)}{\Gamma (\frac{t}{h}+1-\alpha )} \biggr] ^{p} \\ =&h^{p\alpha } \biggl[ \frac{\Gamma (\frac{t}{h}+1)}{\Gamma ((1- \frac{1}{p})(\frac{t}{h}+1)+\frac{1}{p}(\frac{t}{h}+1-p\alpha ))} \biggr] ^{p} \\ \geq &h^{p\alpha } \biggl[ \frac{\Gamma (\frac{t}{h}+1)}{ \Gamma^{1-\frac{1}{p}}(\frac{t}{h}+1)\Gamma^{\frac{1}{p}}(\frac{t}{h}+1-p \alpha )} \biggr] ^{p} \\ =&h^{p\alpha }\frac{\Gamma (\frac{t}{h}+1)}{\Gamma (\frac{t}{h}+1-p \alpha )}=t_{h}^{(p\alpha )}, \end{aligned}$$ \end{document}$$ so we have proved that ([2.7](#Equ8){ref-type=""}) holds wherever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq p< \infty $\end{document}$. Moreover, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p<1$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} t_{h}^{(p\alpha )} =&h^{p\alpha }\frac{\Gamma (\frac{t}{h}+1)}{\Gamma (\frac{t}{h}+1-p\alpha )} \\ =&h^{p\alpha }\frac{\Gamma (\frac{t}{h}+1)}{\Gamma ((1-p)( \frac{t}{h}+1)+p(\frac{t}{h}+1-\alpha ))} \\ \geq &h^{p\alpha }\frac{\Gamma (\frac{t}{h}+1)}{\Gamma^{(1-p)}( \frac{t}{h}+1)\Gamma^{p}(\frac{t}{h}+1-\alpha )} \\ =& \biggl[ h^{\alpha }\frac{\Gamma (\frac{t}{h}+1)}{\Gamma (\frac{t}{h}+1- \alpha )} \biggr] ^{p}= \bigl[ t_{h}^{(\alpha )} \bigr] ^{p}, \end{aligned}$$ \end{document}$$ so we conclude that ([2.8](#Equ9){ref-type=""}) holds for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p<1$\end{document}$. The proof is complete. □

Main results {#Sec3}
============

Our *h*-integral analogue of inequality ([1.1](#Equ1){ref-type=""}) reads as follows.

Theorem 3.1 {#FPar8}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha <\frac{p-1}{p}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq p<\infty $\end{document}$. *Then the inequality* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int _{0}^{\infty } \biggl( x^{(\alpha -1)}_{h} \int _{0}^{ \delta_{h}(x)}\frac{f(t)\,d_{h}t}{t_{h}^{(\alpha )}} \biggr) ^{p}\,d_{h}x \leq \biggl( \frac{p}{p-\alpha p-1} \biggr) ^{p} \int _{0}^{\infty }f^{p}(x)\,d_{h}x, \quad f\geq 0, \end{aligned}$$ \end{document}$$ *holds*. *Moreover*, *the constant* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[ \frac{p}{p-\alpha p-1} ] ^{p}$\end{document}$ *is the best possible in* ([3.1](#Equ10){ref-type=""}).

Our second main result is the following *h*-integral analogue of the reversed form of ([1.1](#Equ1){ref-type=""}) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p<1$\end{document}$.

Theorem 3.2 {#FPar9}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha <\frac{p-1}{p}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 < p < 1$\end{document}$. *Then the inequality* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int _{0}^{\infty }f^{p}(x)\,d_{h}x \leq \biggl( \frac{p-p\alpha -1}{p} \biggr) ^{p} \int _{0}^{\infty } \biggl( x^{(\alpha -1)}_{h} \int _{0} ^{\delta_{h}(x)}\frac{f(t)\,d_{h}t}{t_{h}^{(\alpha )}} \biggr) ^{p}\,d_{h}x, \quad f\geq 0, \end{aligned}$$ \end{document}$$ *holds*. *Moreover*, *the constant* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[ \frac{p-p\alpha -1}{p} ] ^{p}$\end{document}$ *is the best possible in* ([3.2](#Equ11){ref-type=""}).

To prove Theorem [3.1](#FPar8){ref-type="sec"} we need the following lemma, which is of independent interest.

Lemma 3.3 {#FPar10}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha <\frac{p-1}{p}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p>1$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{p}+\frac{1}{p'}=1$\end{document}$. *Then the function* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \phi (x):= \biggl[ \biggl( x-\biggl(\alpha +\frac{1}{p}\biggr)h \biggr) _{h}^{(- \frac{1}{p})} \biggr] ^{\frac{1}{p'}} \biggl[ \biggl( x-\biggl( \alpha - \frac{1}{p'}\biggr)h \biggr) _{h}^{(\frac{1}{p'})} \biggr] ^{\frac{1}{p}},\quad x\in \mathbb{T}_{0}, $$\end{document}$$ *is nonincreasing on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{T}_{0}$\end{document}$.

Proof {#FPar11}
-----

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha <\frac{p-1}{p}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq p<\infty $\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Gamma (x)>0$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x>0$\end{document}$, and using Definition [2.4](#FPar4){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \biggl( x-\biggl(\alpha +\frac{1}{p}\biggr)h \biggr) _{h}^{(-\frac{1}{p})} =& h^{- \frac{1}{p}} \frac{\Gamma ( \frac{x}{h}+\frac{1}{p'}-\alpha ) }{ \Gamma ( \frac{x}{h}+\frac{1}{p}+\frac{1}{p'}-\alpha ) }>0 \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \biggl( x-\biggl(\alpha -\frac{1}{p'}\biggr)h \biggr) _{h}^{(\frac{1}{p'})} =& h^{ \frac{1}{p'}} \frac{\Gamma ( \frac{x}{h}+1+\frac{1}{p'}-\alpha ) }{ \Gamma ( \frac{x}{h}+1-\alpha ) }>0. \end{aligned}$$ \end{document}$$

Denote $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\xi (x):= ( x-(\alpha +\frac{1}{p})h ) _{h}^{(- \frac{1}{p})}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\eta (x):= ( x-(\alpha -\frac{1}{p'})h ) _{h}^{(\frac{1}{p'})}$\end{document}$. Then by using ([2.5](#Equ6){ref-type=""}) we find that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} D_{h}\eta (x)=\frac{ ( x-(\alpha -\frac{1}{p'})h ) _{h}^{(- \frac{1}{p})}}{p'}\geq 0 \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} D_{h}\xi (x)=-\frac{ ( x-(\alpha +\frac{1}{p})h ) _{h}^{(- \frac{1}{p}-1)}}{p}\leq 0, \end{aligned}$$ \end{document}$$

From ([2.3](#Equ4){ref-type=""}), ([2.6](#Equ7){ref-type=""}), ([3.3](#Equ12){ref-type=""}) and ([3.4](#Equ13){ref-type=""}) it follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} D_{h} \bigl[ \xi (x) \bigr] ^{\frac{1}{p'}} =& \frac{1}{p'} \int _{0}^{1} \bigl[ z\xi (x+h)+(1-z)\xi (x) \bigr] ^{-\frac{1}{p}}\,dz D_{h} \xi (x) \\ \leq &- \bigl[ \xi (x) \bigr] ^{-\frac{1}{p}} \frac{ ( x-(\alpha + \frac{1}{p})h ) _{h}^{(-\frac{1}{p}-1)}}{pp'} \\ \leq &- \bigl[ \xi (x) \bigr] ^{\frac{1}{p'}} \frac{ ( x-\alpha {h} ) _{h}^{(-1)}}{pp'} \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} D_{h} \bigl[ \eta (x) \bigr] ^{\frac{1}{p}} =& \frac{1}{p} \int _{0}^{1} \bigl[ z\eta (x+h)+z\eta (x) \bigr] ^{-\frac{1}{p'}}\,dz D_{h} \eta (x) \\ \leq & \bigl[ \eta (x) \bigr] ^{-\frac{1}{p'}}\frac{ ( x-(\alpha - \frac{1}{p'})h ) _{h}^{(-\frac{1}{p})}}{pp'}. \end{aligned}$$ \end{document}$$

By using the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$( x+h-\alpha h ) _{h}^{(1)} ( x- \alpha h ) _{h}^{(-1)}=1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\eta (x+h)\geq \eta (x)$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \eta (x) \biggl[ \biggl( x-\biggl(\alpha -\frac{1}{p'}\biggr)h \biggr) _{h}^{(- \frac{1}{p})} \biggr] ^{-1}= ( x+h-\alpha h ) _{h}^{(1)}, $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in \mathbb{T}_{0}$\end{document}$ and ([2.2](#Equ3){ref-type=""}), ([3.3](#Equ12){ref-type=""}), ([3.4](#Equ13){ref-type=""}), ([3.5](#Equ14){ref-type=""}) and ([3.6](#Equ15){ref-type=""}) we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} D_{h} \bigl( \phi (x) \bigr) &= \bigl[ \xi (x) \bigr] ^{\frac{1}{p'}} D _{h} \bigl[ \eta (x) \bigr] ^{\frac{1}{p}} + \bigl[ \eta (x+h) \bigr] ^{1- \frac{1}{p'}} D_{h} \bigl[ \xi (x) \bigr] ^{\frac{1}{p'}} \\ &\leq \frac{ [ \xi (x) ] ^{\frac{1}{p'}} [ \eta (x) ] ^{-\frac{1}{p'}}}{pp'} \biggl[ \biggl( x-\biggl(\alpha -\frac{1}{p'} \biggr)h \biggr) _{h}^{(-\frac{1}{p})} -\eta (x) ( x-\alpha {h} ) _{h}^{(-1)} \biggr] \\ &=\frac{ [ \xi (x) ] ^{\frac{1}{p'}} [ \eta (x) ] ^{- \frac{1}{p'}}}{pp'} \biggl( x-\biggl(\alpha -\frac{1}{p'}\biggr)h \biggr) _{h}^{(- \frac{1}{p})} \bigl[ 1- ( x+h-\alpha h ) _{h}^{(1)} ( x-\alpha h ) _{h}^{(-1)} \bigr] \\ &\leq 0. \end{aligned}$$ \end{document}$$

Hence, we have proved that the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\phi (x)$\end{document}$ is nonincreasing on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{T}_{0}$\end{document}$ (see Definition [2.4](#FPar4){ref-type="sec"}) so the proof is complete. □

Proof of Theorem [3.1](#FPar8){ref-type="sec"} {#FPar12}
----------------------------------------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p > 1$\end{document}$. By using Lemma [3.3](#FPar10){ref-type="sec"} and ([2.6](#Equ7){ref-type=""}) in Proposition [2.6](#FPar6){ref-type="sec"} we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} x^{(\alpha -1)}_{h} &= \bigl[ x^{(\alpha -1)}_{h} \bigr] ^{\frac{1}{p'}} \bigl[ x^{(\alpha -1)}_{h} \bigr] ^{\frac{1}{p}} \\ &= \biggl[ x^{(\alpha -\frac{1}{p'})}_{h} \biggl( x-\biggl(\alpha - \frac{1}{p'}\biggr)h \biggr) _{h}^{(-\frac{1}{p})} \biggr] ^{\frac{1}{p'}} \biggl[ x^{(\alpha - \frac{1}{p'}-1)}_{h} \biggl( x-\biggl(\alpha -\frac{1}{p'}-1\biggr)h \biggr) _{h}^{( \frac{1}{p'})} \biggr] ^{\frac{1}{p}} \\ &= \bigl[ x^{(\alpha -\frac{1}{p'})}_{h} \bigr] ^{\frac{1}{p'}} \bigl[ x ^{(\alpha -\frac{1}{p'}-1)}_{h} \bigr] ^{\frac{1}{p}} \\ &\quad {}\times \biggl[ \biggl( x+h-\biggl(\alpha +\frac{1}{p}\biggr)h \biggr) _{h}^{(- \frac{1}{p})} \biggr] ^{\frac{1}{p'}} \biggl[ \biggl( x+h- \biggl(\alpha - \frac{1}{p'}\biggr)h \biggr) _{h}^{(\frac{1}{p'})} \biggr] ^{\frac{1}{p}} \\ &= \bigl[ x^{(\alpha -\frac{1}{p'})}_{h} \bigr] ^{\frac{1}{p'}} \bigl[ x ^{(\alpha -\frac{1}{p'}-1)}_{h} \bigr] ^{\frac{1}{p}}\phi (x+h) \\ &\leq \bigl[ x^{(\alpha -\frac{1}{p'})}_{h} \bigr] ^{\frac{1}{p'}} \bigl[ x^{(\alpha -\frac{1}{p'}-1)}_{h} \bigr] ^{\frac{1}{p}}\phi (t), \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t,x\in \mathbb{T}_{0}:t\leq x$\end{document}$. Moreover, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{\phi (t)}{t_{h}^{(\alpha )}} =& \bigl[ (t-\alpha h)_{h}^{(-\alpha )} \bigr] ^{\frac{1}{p'}} \bigl[ (t-\alpha h)_{h}^{(-\alpha )} \bigr] ^{\frac{1}{p}}\phi (t) \\ =& \biggl[ (t-\alpha h)_{h}^{(-\alpha )}\biggl(t-\biggl(\alpha + \frac{1}{p}\biggr)h\biggr)_{h} ^{(-\frac{1}{p})} \biggr] ^{\frac{1}{p'}} \biggl[ (t-\alpha h)_{h}^{(- \alpha )}\biggl(t- \biggl(\alpha -\frac{1}{p'}\biggr) h\biggr)_{h}^{(\frac{1}{p'})} \biggr] ^{ \frac{1}{p}} \\ =& \biggl[ \biggl(t-\biggl(\alpha +\frac{1}{p}\biggr)h \biggr)_{h}^{(-\alpha -\frac{1}{p})} \biggr] ^{\frac{1}{p'}} \biggl[ \biggl(t- \biggl(\alpha -\frac{1}{p'}\biggr)h\biggr)_{h}^{(\frac{1}{p'}- \alpha )} \biggr] ^{\frac{1}{p}}. \end{aligned}$$ \end{document}$$

According to ([3.7](#Equ16){ref-type=""}) and ([3.8](#Equ17){ref-type=""}) we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} L(f) &:= \int _{0}^{\infty } \biggl( x^{(\alpha -1)}_{h} \int _{0}^{\delta_{h}(x)}\frac{1}{t_{h}^{(\alpha )}} f(t)\,d_{h}t \biggr) ^{p}\,d _{h}x \\ &\leq \int_{0}^{\infty } \biggl( \bigl[ x^{(\alpha -\frac{1}{p'})} _{h} \bigr] ^{\frac{1}{p'}} \bigl[ x^{(\alpha -\frac{1}{p'}-1)}_{h} \bigr] ^{\frac{1}{p}} \int _{0}^{\delta_{h}(x)} \biggl[ \biggl(t-\biggl(\alpha + \frac{1}{p}\biggr)h\biggr)_{h}^{(-\alpha -\frac{1}{p})} \biggr] ^{\frac{1}{p'}} \\ &\quad {}\times \biggl[ \biggl(t-\biggl(\alpha -\frac{1}{p'}\biggr) h \biggr)_{h}^{(\frac{1}{p'}- \alpha )} \biggr] ^{\frac{1}{p}}f(t)\,d_{h}t \biggr) ^{p}\,d_{h}x \\ &=\sum _{i=0}^{\infty }h^{1+p} \Biggl( \bigl[ (ih)^{(\alpha - \frac{1}{p'})}_{h} \bigr] ^{\frac{1}{p'}} \bigl[ (ih)^{(\alpha - \frac{1}{p'}-1)}_{h} \bigr] ^{\frac{1}{p}}\times \\ &\quad {}\times \sum _{k=0}^{i} \biggl[ \biggl(kh-\biggl(\alpha +\frac{1}{p}\biggr)h\biggr)_{h} ^{(-\alpha -\frac{1}{p})} \biggr] ^{\frac{1}{p'}} \biggl[ \biggl(kh-\biggl(\alpha - \frac{1}{p'}\biggr) h\biggr)_{h}^{(\frac{1}{p'}-\alpha )} \biggr] ^{\frac{1}{p}}f(kh) \Biggr) ^{p} \\ &=I^{p}(f). \end{aligned}$$ \end{document}$$

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{N}_{0}=\mathbb{N}\cup \{0\}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g = \{g_{k}\}_{k=1}^{ \infty }\in {l}_{p'}(\mathbb{N}_{0})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g\geq 0$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert g \Vert _{ {l}_{p'}}= 1$\end{document}$. Moreover, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\theta (z)$\end{document}$ be Heaviside's unit step function ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\theta (z) = 1$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$z \geq 0$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\theta (z) = 0$\end{document}$ for $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$z < 0$\end{document}$). Then, based on the duality principle in $\documentclass[12pt]{minimal}
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                \begin{document}${l} _{p}(\mathbb{N}_{0})$\end{document}$ and the Hölder inequality, we find that $$\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} I(f) &=\sup_{\Vert g \Vert _{ {l}_{p'}}= 1}\sum _{i,k}h^{1+ \frac{1}{p}}g_{i} \theta (i-k) \bigl[ (ih)^{(\alpha -\frac{1}{p'})}_{h} \bigr] ^{\frac{1}{p'}} \bigl[ (ih)^{(\alpha -\frac{1}{p'}-1)}_{h} \bigr] ^{ \frac{1}{p}} \\ &\quad {}\times \biggl[ \biggl(kh-\biggl(\alpha +\frac{1}{p}\biggr)h \biggr)_{h}^{(-\alpha -\frac{1}{p})} \biggr] ^{\frac{1}{p'}} \biggl[ \biggl(kh- \biggl(\alpha -\frac{1}{p'}\biggr) h\biggr)_{h}^{( \frac{1}{p'}-\alpha )} \biggr] ^{\frac{1}{p}}f(kh) \\ &\leq \sup _{\Vert g \Vert _{ {l}_{p'}}= 1} \biggl( \sum _{i,k}hg _{i}^{p'}\theta (i-k) (ih)_{h}^{(\alpha -\frac{1}{p'})} \biggl(kh-\biggl(\alpha + \frac{1}{p}\biggr) h\biggr)_{h}^{(-\alpha -\frac{1}{p})} \biggr) ^{\frac{1}{p'}} \\ &\quad {}\times \biggl( \sum _{i,k}h^{2}\theta (i-k) (ih)_{h}^{(\alpha - \frac{1}{p'}-1)}\biggl(kh-\biggl(\alpha -\frac{1}{p'} \biggr) h\biggr)_{h}^{(\frac{1}{p'}- \alpha )}f^{p}(kh) \biggr) ^{\frac{1}{p}} \\ &=\sup _{\Vert g \Vert _{ {l}_{p'}}= 1}I_{1}^{p'}(g)I_{2}^{q}(f). \end{aligned}$$ \end{document}$$

By using Definition [2.3](#FPar3){ref-type="sec"} and combining ([2.4](#Equ5){ref-type=""}), ([2.5](#Equ6){ref-type=""}) and ([2.6](#Equ7){ref-type=""}) we can conclude that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} I_{1}(g) =&\sum _{i=0}^{\infty }g_{i}^{p'}(ih)_{h}^{(\alpha - \frac{1}{p'})} \sum _{k=0}^{i}h\biggl(kh-\biggl(\alpha + \frac{1}{p}\biggr) h\biggr)_{h} ^{(-\alpha -\frac{1}{p})} \\ =&\sum _{i=0}^{\infty }g_{i}^{p'}(ih)_{h}^{(\alpha - \frac{1}{p'})} \int _{0}^{\delta_{h}(ih)}\biggl(x-\biggl(\alpha +\frac{1}{p} \biggr) h\biggr)_{h}^{(-\frac{1}{p}-\alpha )}\,d_{h}x \\ =&\frac{1}{\frac{1}{p'}-\alpha }\sum _{i=1}^{\infty }g_{i}^{p'}(ih)_{h} ^{(\alpha -\frac{1}{p'})} \int _{0}^{\delta_{h}(ih)}D_{h} \biggl[ \biggl(x-\biggl( \alpha +\frac{1}{p}\biggr) h\biggr)_{h}^{(\frac{1}{p'}-\alpha )} \biggr]\,d_{h}x \\ \leq &\frac{1}{\frac{1}{p'}-\alpha }\sum _{i=1}^{\infty }g_{i} ^{p'}(ih)_{h}^{(\alpha -\frac{1}{p'})}\biggl(ih-\biggl(\alpha - \frac{1}{p'}\biggr) h\biggr)_{h} ^{(\frac{1}{p'}-\alpha )} \\ =&\frac{1}{\frac{1}{p'}-\alpha }\Vert g \Vert ^{p'}_{ {l}_{p'}}= \frac{1}{ \frac{1}{p'}-\alpha }. \end{aligned}$$ \end{document}$$

Furthermore, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} I_{2}(f) =&\sum _{i=0}^{\infty }h(ih)_{h}^{(\alpha - \frac{1}{p'}-1)} \sum _{k=0}^{i}hf^{p}(kh) \biggl(kh- \biggl(\alpha - \frac{1}{p'}\biggr)h\biggr)_{h}^{(\frac{1}{p'}-\alpha )} \\ =&\sum _{k=0}^{\infty }hf^{p}(kh) \biggl(kh- \biggl(\alpha -\frac{1}{p'}\biggr)h\biggr)_{h} ^{(\frac{1}{p'}-\alpha )} \sum _{i=k}^{\infty }h(ih)_{h}^{( \alpha -\frac{1}{p'}-1)} \\ =&\frac{1}{\alpha -\frac{1}{p'}} \int _{0}^{\infty }f^{p}(x) \biggl(x-\biggl( \alpha -\frac{1}{p'}\biggr)h\biggr)_{h}^{(\frac{1}{p'}-\alpha )} \int _{x} ^{\infty }D_{h} \bigl[ t_{h}^{(\alpha -\frac{1}{p'})} \bigr] \,d_{h}t\, d_{h}x \\ =&\frac{1}{\frac{1}{p'}-\alpha }\int_{0}^{\infty }f^{p}(x) \biggl(x-\biggl( \alpha-\frac{1}{p'}\biggr)h\biggr)_{h}^{(\frac{1}{p'}-\alpha )} x_{h}^{(\alpha - \frac{1}{p'})}\,d_{h}x \\ =&\frac{1}{\frac{1}{p'}-\alpha } \int _{0}^{\infty }f^{p}(x)\,d _{h}x. \end{aligned}$$ \end{document}$$

By combining ([3.9](#Equ18){ref-type=""}), ([3.10](#Equ19){ref-type=""}) and ([3.11](#Equ20){ref-type=""}) we obtain $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} L(f)\leq \biggl( \frac{p}{p-p\alpha -1} \biggr) ^{p} \int _{0}^{ \infty }f^{p}(x)\,d_{h}x, \end{aligned}$$ \end{document}$$ i.e. ([3.1](#Equ10){ref-type=""}) holds.

Finally, we will prove that the constant $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{upgreek}
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                \begin{document}$[ \frac{p}{p-\alpha p-1} ] ^{p}$\end{document}$ is the best possible in inequality ([3.1](#Equ10){ref-type=""}). Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$x,a\in \mathbb{T}_{0}$\end{document}$ be such that $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a< x$\end{document}$, and consider the test function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$f_{\beta }(t)=t_{h}^{(\beta )}\chi_{[a,\infty )}(t)$\end{document}$, $\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t>0$\end{document}$, for $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$\beta =-\frac{1}{p}-\varepsilon $\end{document}$.

Then from ([2.4](#Equ5){ref-type=""}), ([2.5](#Equ6){ref-type=""}) and ([2.7](#Equ8){ref-type=""}) it follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int _{0}^{\infty }f^{p}_{\beta }(t)\,d_{h}t =& \int _{a} ^{\infty } \bigl[ t_{h}^{(\beta )} \bigr] ^{p}\,d_{h}t\leq \int_{a} ^{\infty }\bigl(t+\beta (p-1)h\bigr)_{h}^{(\beta p)}\,d_{h}t \\ =&\frac{1}{p\beta +1} \int _{a}^{\infty }D_{h} \bigl[ \bigl(t+\beta (p-1)h\bigr)_{h} ^{(\beta p+1)} \bigr]\,d_{h}t \\ =&\frac{(a+\beta (p-1)h)_{h}^{(p\beta +1)}}{\vert p\beta +1 \vert }< \infty . \end{aligned}$$ \end{document}$$

Since $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \biggl( \int _{0}^{\delta_{h}(x)} (t-h\alpha )_{h}^{(-\alpha )}f _{\beta }(t)\,d_{h}t \biggr) ^{p} =& \biggl( \int _{a}^{\delta_{h}(x)} (t-h\alpha )_{h}^{(-\alpha +\beta )}\,d_{h}t \biggr) ^{p} \\ =& \biggl( \frac{1}{1-\alpha +\beta } \int _{a}^{\delta_{h}(x)} D _{h} \bigl[ (t-h\alpha )_{h}^{(1-\alpha +\beta )} \bigr]\,d_{h}t \biggr) ^{p} \\ =& \biggl( \frac{(x+h-h\alpha )_{h}^{(1-\alpha +\beta )}}{1-\alpha + \beta } \biggl[ 1-\frac{(a-h\alpha )_{h}^{(1-\alpha +\beta )}}{(x+h-h \alpha )_{h}^{(1-\alpha +\beta )}} \biggr] \biggr) ^{p} \\ \geq & \biggl( \frac{(x+h-h\alpha )_{h}^{(1-\alpha +\beta )}}{1-\alpha +\beta } \biggr) ^{p} \biggl[ 1-p \frac{(a-h\alpha )_{h}^{(1-\alpha + \beta )}}{(x+h-h\alpha )_{h}^{(1-\alpha +\beta )}} \biggr] , \end{aligned}$$ \end{document}$$ we have $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} L(f_{\beta }) &\geq \biggl( \frac{1}{1-\alpha +\beta } \biggr) ^{p} \biggl[\int_{a}^{\infty } \bigl[ x_{h}^{(\alpha -1)}(x+h-h\alpha )_{h}^{(1-\alpha +\beta )} \bigr] ^{p}\,d_{h}x \\ &\quad {}-p(a-h\alpha )_{h}^{(1-\alpha +\beta )} \int _{a}^{ \infty }\frac{ [ x_{h}^{(\alpha -1)}(x+h-h\alpha )_{h}^{(1-\alpha +\beta )} ] ^{p}}{(x+h-h\alpha )_{h}^{(1-\alpha +\beta )}}\,d_{h}x \biggr] \\ &=\biggl( \frac{1}{1-\alpha +\beta } \biggr) ^{p} \biggl[\int_{0} ^{\infty }f_{\beta }^{p}(x)\,d_{h}x-p\int_{a}^{\infty }\frac{(a-h\alpha )_{h}^{(1-\alpha +\beta )} [ x_{h}^{(\beta )} ] ^{p}}{(x+h-h\alpha )_{h}^{(1-\alpha +\beta )}}\,d_{h}x \biggr] . \end{aligned}$$ \end{document}$$

By using ([2.4](#Equ5){ref-type=""}), ([2.5](#Equ6){ref-type=""}), ([2.6](#Equ7){ref-type=""}) and ([2.7](#Equ8){ref-type=""}) we obtain $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int_{a}^{\infty }\frac{ [ x_{h}^{(\beta )} ] ^{p} \,d_{h}x}{(x+h-h\alpha )_{h}^{(1-\alpha +\beta )}} \leq & \int _{a}^{\infty }\frac{(x+\beta (p-1)h)_{h}^{(p\beta )}\,d_{h}x}{(x+h-h\alpha )_{h}^{(1-\alpha +\beta )}} \\ =&\int_{a}^{\infty }\bigl(x+\beta (p-1)h\bigr)_{h}^{(\beta (p-1)+\alpha-1)}\,d_{h}x \\ =&\frac{\int_{a}^{\infty }D_{h} ( (x+\beta (p-1)h)_{h}^{(\beta (p-1)+\alpha )} )\,d_{h}x}{\beta (p-1)+\alpha } \\ =&\frac{1}{\vert \beta (p-1)+\alpha \vert }\bigl(a+\beta (p-1)h\bigr)_{h}^{(\beta (p-1)+\alpha )} \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} (a-h\alpha )_{h}^{(1-\alpha +\beta )} =&(a-h\alpha )_{h}^{(-\alpha )}\bigl(a-h(p \beta +1)\bigr)_{h}^{(\beta (1-p)}a_{h}^{(p\beta +1)} \\ =&(a-h\alpha )_{h}^{(-\alpha )}\bigl(a-h(p\beta +1)\bigr)_{h}^{(\beta (1-p)} \int_{a}^{\infty }D_{h} \bigl[t_{h}^{(p\beta +1)} \bigr]\,d_{h}t \\ \leq &(a-h\alpha )_{h}^{(-\alpha )}\bigl(a-h(p\beta +1) \bigr)_{h}^{(\beta (1-p)}\vert \beta p+1 \vert \int _{a}^{\infty } \bigl[ t_{h}^{(\beta )} \bigr] ^{p}\,d _{h}t. \end{aligned}$$ \end{document}$$

According to ([2.6](#Equ7){ref-type=""}), ([3.13](#Equ22){ref-type=""}), ([3.14](#Equ23){ref-type=""}) and ([3.15](#Equ24){ref-type=""}) we can deduce that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ L(f_{\beta })\geq \biggl( \frac{1}{1-\alpha +\beta } \biggr) ^{p} \biggl[ \int _{0}^{\infty }f_{\beta }^{p}(x)\,d_{h}x- \theta_{\beta }(a) \int _{0}^{\infty }f_{\beta }^{p}(x)\,d_{h}x \biggr] , $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\theta_{\beta }(a):= \frac{p\vert \beta p+1 \vert }{\vert \beta (p-1)+\alpha \vert }(a+\beta (p-1)h)_{h}^{( \beta (p-1))}(a-h(p\beta +1))_{h}^{(\beta (1-p))}\rightarrow 0,\quad \varepsilon \rightarrow 0$\end{document}$.

Therefore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{\varepsilon \rightarrow 0}\frac{L(f_{\beta })}{\int_{0}^{\infty }f_{\beta }^{p}(x)\,d_{h}x}\geq \lim _{\varepsilon \rightarrow 0} ( \frac{1}{1-\alpha +\beta } ) ^{p}= ( \frac{p}{p-p\alpha -1} ) ^{p}$\end{document}$, which implies that the constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[ \frac{p}{p-\alpha p-1} ] ^{p}$\end{document}$ in ([3.1](#Equ10){ref-type=""}) in sharp.

Let $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p = 1$\end{document}$. By using Definition [2.3](#FPar3){ref-type="sec"} and ([2.5](#Equ6){ref-type=""}) we get $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned} \int _{0}^{\infty }x^{(\alpha -1)}_{h} \int _{0}^{\delta _{h}(x)}\frac{1}{t_{h}^{(\alpha )}} f(t)\,d_{h}t\,d_{h}x =& \sum _{i=0}^{\infty }h(ih)_{h}^{(\alpha -1)} \sum _{k=0}^{i}h(kh- \alpha h)_{h}^{(-\alpha )}f(kh) \\ =&\sum _{k=0}^{\infty }h(kh-\alpha h)_{h}^{(-\alpha )}f(kh) \sum _{i=k}^{\infty }h(ih)_{h}^{(\alpha -1)} \\ =& \int _{0}^{\infty }(t-\alpha h)_{h}^{(-\alpha )}f(t) \int _{t}^{\infty }x_{h}^{(\alpha -1)}\,d_{h}x\,d_{h}t\\ =&\frac{1}{\alpha } \int _{0}^{\infty }(t-\alpha h)_{h}^{(- \alpha )}f(t) \int _{t}^{\infty }D_{h} \bigl( x_{h}^{(\alpha )} \bigr) d _{h}x\,d_{h}t\\ =&-\frac{1}{\alpha } \int _{0}^{\infty }f(t) (t-\alpha h)_{h} ^{(-\alpha )}t_{h}^{(\alpha )}\,d_{h}t =- \frac{1}{\alpha } \int _{0}^{\infty }f(t)\,d_{h}t, \end{aligned}$$ \end{document}$$ which means that ([3.1](#Equ10){ref-type=""}) holds even with equality in this case. The proof is complete. □

Proof of Theorem [3.2](#FPar9){ref-type="sec"} {#FPar13}
----------------------------------------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p<1$\end{document}$. By using ([2.4](#Equ5){ref-type=""}), ([2.5](#Equ6){ref-type=""}) and ([2.7](#Equ8){ref-type=""}) we get $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl[ x^{(\alpha -1)}_{h} \bigr] ^{p} =& \bigl[ x^{(\alpha -1)}_{h} \bigr] ^{p-1}x^{(\alpha -1)}_{h} \\ =& \biggl[ x^{(\alpha -\frac{1}{p'})}_{h}\biggl(x-\biggl(\alpha - \frac{1}{p'}\biggr)h\biggr)^{(- \frac{1}{p})}_{h} \biggr] ^{p-1} x^{(\alpha -\frac{1}{p'}-1)}_{h}\biggl(x+h-\biggl( \alpha - \frac{1}{p'}\biggr)h\biggr)^{(\frac{1}{p'})}_{h} \\ \geq & \bigl[ x^{(\alpha -\frac{1}{p'})}_{h} \bigr] ^{p-1}x^{(\alpha - \frac{1}{p'}-1)}_{h} \frac{(x-(\alpha -\frac{1}{p'})h)^{(\frac{1}{p'})} _{h}}{ [ (x-(\alpha -\frac{1}{p'})h)^{(-\frac{1}{p})}_{h} ] ^{1-p}} \\ \geq & \bigl[ x^{(\alpha -\frac{1}{p'})}_{h} \bigr] ^{p-1}x^{(\alpha - \frac{1}{p'}-1)}_{h} \frac{(x-(\alpha -\frac{1}{p'})h)^{(\frac{1}{p'})} _{h}}{(x-(\alpha -\frac{1}{p'})h)^{(-\frac{1-p}{p})}_{h}} \\ =& \bigl[ x^{(\alpha -\frac{1}{p'})}_{h} \bigr] ^{p-1}x_{h}^{(\alpha - \frac{1}{p'}-1)} \\ =& \biggl[ \biggl(x-\biggl(\alpha -\frac{1}{p'}\biggr)h \biggr)^{(\frac{1}{p'}-\alpha )}_{h} \biggr] ^{1-p}x_{h}^{(\alpha -\frac{1}{p'}-1)} \\ \geq & \biggl[ \frac{1}{\frac{1}{p'}-\alpha } \biggr] ^{p-1} \biggl[ \int _{0}^{\delta_{h}(x)}\biggl(t-\biggl(\alpha + \frac{1}{p}\biggr)h\biggr)^{(-\alpha -\frac{1}{p})} _{h}\,d_{h}t \biggr] ^{1-p} x_{h}^{(\alpha -\frac{1}{p'}-1)} \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \biggl[ \frac{1}{t_{h}^{(\alpha )}} \biggr] ^{p} =& \bigl[ (t- \alpha h)_{h} ^{(-\alpha )} \bigr] ^{p-1}\frac{1}{t_{h}^{(\alpha )}} \\ =& \biggl[ \biggl(t-\biggl(\alpha +\frac{1}{p}\biggr) h \biggr)_{h}^{(-\alpha -\frac{1}{p})}(t- \alpha h)_{h}^{(\frac{1}{p})} \biggr] ^{p-1}\frac{1}{t_{h}^{(\alpha - \frac{1}{p'})}(t-(\alpha -\frac{1}{p'})h)_{h}^{(\frac{1}{p'})}} \\ =& \biggl[ \biggl(t-\biggl(\alpha +\frac{1}{p}\biggr)h \biggr)_{h}^{(-\alpha -\frac{1}{p})} \biggr] ^{p-1}\frac{1}{t_{h}^{(\alpha -\frac{1}{p'})}}\frac{(t-\alpha h)_{h} ^{(-\frac{1}{p'})}}{ [ (t-\alpha h)_{h}^{(\frac{1}{p})} ] ^{1-p}} \\ \geq & \biggl[ \biggl(t-\biggl(\alpha +\frac{1}{p}\biggr)h \biggr)_{h}^{(-\alpha -\frac{1}{p})} \biggr] ^{p-1}\frac{1}{t_{h}^{(\alpha -\frac{1}{p'})}}\frac{(t-\alpha h)_{h} ^{(-\frac{1}{p'})}}{(t-\alpha h)_{h}^{(\frac{1-p}{p})}} \\ =& \biggl[ \biggl(t-\biggl(\alpha +\frac{1}{p}\biggr)h \biggr)_{h}^{(-\alpha -\frac{1}{p})} \biggr] ^{p-1}\frac{1}{t_{h}^{(\alpha -\frac{1}{p'})}}. \end{aligned}$$ \end{document}$$

Moreover, by using Definition [2.3](#FPar3){ref-type="sec"}, ([3.16](#Equ25){ref-type=""}) and ([3.17](#Equ26){ref-type=""}), and applying the Hölder inequality with powers $\documentclass[12pt]{minimal}
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                \begin{document}$1/p$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$1/(1-p)$\end{document}$, we obtain $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{L(f)}{ [ \frac{1}{\frac{1}{p'}-\alpha } ] ^{p-1}} \geq & \int _{0}^{\infty }x_{h}^{(\alpha -\frac{1}{p'}-1)} \biggl[ \int _{0}^{\delta_{h}(x)}\biggl(t-\biggl(\alpha +\frac{1}{p} \biggr)h\biggr)^{(-\alpha - \frac{1}{p})}_{h}\,d_{h}t \biggr] ^{1-p} \\ & {}\times \biggl[ \int _{0}^{\delta_{h}(x)}\frac{1}{t_{h}^{(\alpha )}} f(t)\,d_{h}t \biggr] ^{p}\,d_{h}x \\ =&\sum _{k=0}^{\infty }{h}(kh)_{h}^{(\alpha -\frac{1}{p'}-1)} \Biggl[ \sum _{i=0}^{k}h\biggl(ih-\biggl(\alpha +\frac{1}{p}\biggr)h\biggr)^{(-\alpha - \frac{1}{p})}_{h} \Biggr] ^{1-p} \Biggl[ \sum _{i=0}^{k}h \frac{f(ih)}{(ih)_{h} ^{(\alpha )}} \Biggr] ^{p} \\ \geq &\sum _{k=0}^{\infty }h(kh)_{h}^{(\alpha -\frac{1}{p'}-1)} \sum _{i=0}^{k}h \biggl[ \biggl(ih-\biggl(\alpha +\frac{1}{p}\biggr)h\biggr)^{(-\alpha - \frac{1}{p})}_{h} \biggr] ^{1-p} \biggl[ \frac{f(ih)}{(ih)_{h}^{(\alpha )}} \biggr] ^{p} \\ =& \sum _{i=0}^{\infty }{h} f^{p}(ih) \biggl[ \biggl(ih-\biggl(\alpha + \frac{1}{p}\biggr)h\biggr)^{(-\alpha -\frac{1}{p})}_{h} \biggr] ^{1-p} \biggl[ \frac{1}{(ih)_{h} ^{(\alpha )}} \biggr] ^{p}\sum_{k=i}^{\infty }h(kh)_{h}^{(\alpha -\frac{1}{p'}-1)} \\ =& \int _{0}^{\infty }f^{p}(t) \biggl[ \biggl(t-\biggl( \alpha +\frac{1}{p}\biggr)h\biggr)^{(- \alpha -\frac{1}{p})}_{h} \biggr] ^{1-p} \biggl[ \frac{1}{t_{h}^{(\alpha )}} \biggr] ^{p} \int _{t}^{\infty }x_{h}^{(\alpha -\frac{1}{p'}-1)}\,d _{h}x\,d_{h}t \\ \geq &\frac{1}{\frac{1}{p'}-\alpha } \int _{0}^{\infty }f^{p}(t) \biggl[ \biggl(t-\biggl( \alpha +\frac{1}{p}\biggr)h\biggr)^{(-\alpha -\frac{1}{p})}_{h} \biggr] ^{1-p} \biggl[ \biggl(t-\biggl(\alpha +\frac{1}{p}\biggr)h \biggr)_{h}^{(-\alpha -\frac{1}{p})} \biggr] ^{p-1} \\ &{}\times \frac{1}{t_{h}^{(\alpha -\frac{1}{p'})}} \int _{t}^{ \infty }D_{h} \bigl[ x_{h}^{(\alpha -\frac{1}{p'})} \bigr]\,d_{h}x\,d_{h}t \\ =&\frac{1}{\frac{1}{p'}-\alpha } \int _{0}^{\infty }f^{p}(t)\,d _{d}t, \end{aligned}$$ \end{document}$$ i.e. $$\documentclass[12pt]{minimal}
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Therefore, we deduce that inequality ([3.2](#Equ11){ref-type=""}) holds for all functions $\documentclass[12pt]{minimal}
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                \begin{document}$f \geq 0$\end{document}$ and the left hand side of ([3.2](#Equ11){ref-type=""}) is finite.

Finally, we prove that the constant $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$[ \frac{p-1}{p}-\alpha ] ^{p}$\end{document}$ in inequality ([3.2](#Equ11){ref-type=""}) is sharp. Let $\documentclass[12pt]{minimal}
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                \begin{document}$\alpha -1<\beta <-\frac{1}{p}$\end{document}$. By using ([2.4](#Equ5){ref-type=""}), ([2.5](#Equ6){ref-type=""}) and ([2.8](#Equ9){ref-type=""}) we find that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \int _{0}^{\infty }f_{\beta }(t)\,d_{h}t =& \int _{a}^{ \infty } \bigl( t_{h}^{(\beta )} \bigr) ^{p}\,d_{h}t\leq \int _{a} ^{\infty }t_{h}^{(\beta p)}\,d_{h}t \\ =&\frac{1}{p\beta +1} \int _{a}^{\infty }D_{h} \bigl[ t_{h}^{( \beta p+1)} \bigr]\,d_{h}t \\ =&\frac{a_{h}^{(p\beta +1)}}{\vert p\beta +1 \vert }< \infty \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} L(f_{\beta }) =&\sum _{i=0}^{\infty }{h} \Biggl[ (ih)^{(\alpha -1)} _{h}\sum _{k=0}^{i}{h}(kh- \alpha h)_{h}^{(-\alpha )}f_{\beta }(kh) \Biggr] ^{p} \\ =& \sum _{i=0}^{\frac{a}{h}-1}{h} \Biggl[ (ih)^{(\alpha -1)}_{h} \sum _{k=0}^{i}{h}(kh-\alpha h)_{h}^{(-\alpha )}f_{\beta }(kh) \Biggr] ^{p} \\ &{}+ \sum _{i=\frac{a}{h}}^{\infty }{h} \Biggl[ (ih)^{(\alpha -1)} _{h}\sum _{k=0}^{i}{h}(kh-\alpha h)_{h}^{(-\alpha )}f_{\beta }(kh) \Biggr] ^{p} \\ =& \int _{a}^{\infty } \biggl[ x^{(\alpha -1)}_{h} \int _{0} ^{\delta_{h}(x)}(t-\alpha h)_{h}^{(-\alpha +\beta )}\,d_{h}t \biggr] ^{p}\,d _{h}x \\ =& \biggl[ \frac{1}{1-\alpha +\beta } \biggr] ^{p} \int _{a}^{ \infty } \biggl[ x^{(\alpha -1)}_{h} \int _{0}^{\delta_{h}(x)}D_{h} \bigl[ (t-\alpha h)_{h}^{(1-\alpha +\beta )} \bigr]\,d_{h}t \biggr] ^{p}\,d _{h}x \\ \leq & \biggl[ \frac{1}{1-\alpha +\beta } \biggr] ^{p}\int _{a}^{ \infty } \bigl[ x^{(\alpha -1)}_{h}(x+h- \alpha h)_{h}^{(1-\alpha + \beta )} \bigr] ^{p}\,d_{h}x \\ =& \biggl[ \frac{1}{1-\alpha +\beta } \biggr] ^{p} \int _{a}^{ \infty } \bigl[ x_{h}^{(\beta )} \bigr] ^{p}\,d_{h}x= \biggl( \frac{1}{1- \alpha +\beta } \biggr) ^{p} \int _{0}^{\infty }f_{\beta }^{p}(x)\,d _{h}x. \end{aligned}$$ \end{document}$$ From ([3.18](#Equ27){ref-type=""}) its follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sup _{\alpha -1\geq \beta \geq -\frac{1}{p}}\frac{\int _{0}^{\infty }f_{\beta }(t)\,d_{h}t}{L(f_{\beta })}=\sup _{\alpha -1< \beta < -\frac{1}{p}} [ 1-\alpha +\beta ] ^{p}= \biggl[ \frac{1}{p'}-\alpha \biggr] ^{p}, $$\end{document}$$ and this shows that the constant $\documentclass[12pt]{minimal}
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                \begin{document}$[ \frac{p-1}{p}-\alpha ] ^{p}$\end{document}$ in inequality ([3.2](#Equ11){ref-type=""}) is sharp. The proof is complete. □

Now, let us comment which discrete analogue of Hardy inequality we are getting from the Hardy *h*-inequality. Directly from the proof of Theorems [3.1](#FPar8){ref-type="sec"} and [3.2](#FPar9){ref-type="sec"} we obtain the following discrete inequality, which is of independent interest.

Remark 3.4 {#FPar14}
----------

On the basis of Definitions [2.4](#FPar4){ref-type="sec"}--[2.5](#FPar5){ref-type="sec"} we get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \sum _{n=0}^{\infty } \Biggl[ \frac{\Gamma ( \frac{nh}{h}+1 ) }{ \Gamma ( \frac{nh}{h}+2-\alpha ) } \sum_{k=0}^{n}\frac{ \Gamma ( \frac{kh}{h}+1-\alpha ) }{\Gamma ( \frac{nh}{h}+1 ) }a _{k} \Biggr] ^{p}\leq \biggl( \frac{p}{p-\alpha p-1} \biggr) ^{p} \sum_{n=0}^{\infty }a^{p}_{k}, \quad a_{k}\geq 0, \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
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                \begin{document}$\alpha < 1-1/p$\end{document}$.

**Publisher's Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

This work was supported by Scientific Committee of Ministry of Education and Science of the Republic of Kazakhstan, grant no. AP05130975.

All authors have on equal level discussed, posed the research questions and proved the results in this paper. Moreover, all authors have read and approved the final version of this manuscript.

Competing interests {#FPar15}
===================

The authors declare that they have no competing interests.
